The gap oscillations caused by a magnetic flux penetrating a carbon nanotube represent one of the most spectacular observation of the Aharonov-Bohm effect at the nano-scale. Our understanding of this effect is, however, based on the assumption that the electrons are strictly confined on the tube surface, on trajectories that are not modified by curvature effects. Using an ab initio approach based on Density Functional Theory we show that this assumption fails at the nano-scale inducing important corrections to the physics of the Aharonov-Bohm effect.
The Aharonov-Bohm(AB) effect 1 is a purely quantum mechanical effect which does not have a counterpart in classical mechanics. A magnetic field B confined in a closed region of space alter the kinematics of charged classical particles only if they move inside this region. Electronic dynamics, instead, governed by the Shrödinger equation, is influenced even if the particles move on paths that enclose a confined magnetic field, in a region where the the Lorentz force is strictly zero.
If these paths lie on the surface of a nanotube, electrons traveling around the cylinder are expected to manifest a shift of their phase. The mathematical interpretation of this effect is connected with the definition of the vector potential, which, in the case of confined magnetic fields, cannot be nullified everywhere.
This extraordinary effect, first predicted by Y. Aharonov and D. Bohm 1 (AB) in 1960, was interpreted as a proof of the reality of the electromagnetic potentials. The idea that electrons could be affected by electromagnetic potentials without being in contact with the fields was skeptically received by the scientific community. At the same time the AB paper spawned a flourishing of experiments and extension of the original idea. The first experiment aimed at proving (or disproving) the AB effect revealed a perfect agreement with the theoretical predictions. 2 Nevertheless only some years later, in 1986, the experiment which can be considered as a definitive proof of the correct interpretation of the AB effect was realized. Tonomura et al., 3 using superconducting niobium cladding, were in fact able to completely exclude the possibility of stray fields as alternative explanation of the predicted and observed AB oscillations.
Nowadays the AB effect can be used in a wide range of experiments, from the investigation of the properties of mesoscopic normal conductors to the measure of the flux lines structure in superconductors. Growing interest is emerging in the field of nanostructured materials. One of the most well-known case is given by carbon nanotubes (CNTs) that, if immersed in a uniform magnetic field aligned with the tube axis, have been predicted to show peculiar oscillations of the electronic gap. 4 These oscillations are characterized by a period given by the magnetic flux quantum h/e and are commonly interpreted as caused by the change in the wave functions of the electrons localized on the tube surface induced by the Aharonov-Bohm effect.
The first experiment carried on CNTs, in 1999, described the oscillations in the electronic conductivity, 5 but with period of h/2e. This deviation from the predicted AB oscillation period has been explained in terms of the weak localization effect 6 induced by defects and dislocation by Al'tshuter, Aronov, Spivak 7 (AAS effect).Only in 2004 a clear proof of the existence of the AB modulation of the electronic gap with an h/e period,have been given by Coskun et coll. 8 by measuring the conductance oscillations in quantum dots. The dots were built using concentric Multi-Walled CNTs of different radii, short enough to prevent the appearance of weak localization.
In the same year Zaric et al. 9 observed modulation in the optical gap of pure single walled CNTs with oscillations of h/e period.
Despite the enormous impact that the AB oscillations observed in CNTs had, their explanation still remains grounded to simplified models, like the Zone Folding approach (ZFA) or the TightBinding model (TBM) 4 . As CNTs are obtained by rolling a graphene sheet in different manners, the ZFA assumes the electronic structure of the CNT to be well described by the one of graphene.
The electronic states of the tube are defined to be the one of graphene allowed by the boundary conditions imposed by the rolling procedure. Magnetic field effects are then described as a shift of the allowed k points proportional to the magnetic flux. 4 Nevertheless both the ZFA and the TBM suffers from drastic limitations. In the ZFA curvature effects are neglected as they decrease with increasing radii. However it is well known that, at the nano-scale, the bending of the electronic trajectories can induce effects of the same order of magnitude of the observed AB gap oscillations. In the TBM CNTs can be described only introducing ad-hoc parameters, at the price of making the theory not quantitative and not predictive. In particular Multi-Wall (MW) CNTs, that are commonly produced experimentally, can be described, in the ZFA, only by neglecting the tube-tube interaction or, in the TBM, by introducing additional ad-hoc parameters. 10 More importantly, in both models the AB effect is introduced assuming that the electronic states are bi-dimensional, strictly confined on the CNT surface, in contrast with the quantum nature of the electrons that, instead, can induce tails in the wave-function that extend outside the CNT surface.
Therefore, the question we aim to answer is: do curvature effects and quantum spatial delocalization of the electronic states induce quantitative modifications of the AB physics in CNTs ? In this work we perform an accurate and predictive study of the gap oscillations of single-wall and multi-wall CNTs under the action of confined and extended magnetic fields. By using a parameterfree approach based on Density Functional Theory we predict that, indeed, the gap oscillations are modified compared to the state-of-the-art understanding of the Aharonov-Bohm effect. The key result is that in the standard experimental setup, when the CNT is fully immersed in an extended magnetic field, we predict non-periodic gap oscillations. We identify the non-periodic part of the oscillations as due to the Lorentz force that, acting on the electronic states spilled out of the CNT surface, induces an additional gap correction. In the case of the (8, 0) CNT we predict a non-continuous dependence of the gap, even in the low-flux regime, induced by a metallic band that oscillates in the gap formed by π/π * states. Another striking result we predict is the existence of a metallic phase induced by curvature effects in MWCNTs, in the low-flux regime, that could be experimentally observed. We show how the critical magnetic flux associated with this metallic phase increases when the MWCNT is fully immersed in the magnetic field if compared to the case of a confined flux, thus providing a clear finger-print of the geometry of the applied magnetic field.
We consider five CNTs: two metallic, two semi-conductive and one Multi-Walled. The ground-state of each tube is computed at zero magnetic field within the local density approximation (LDA 11 ) using the plane-wave abinit code. 12 The Magnetic field has been implemented self-consistently in the yambo code, 13 which take as input the LDA wave-functions and energies.
The external magnetic field is added on top of the DFT Hamiltonian H 0 by adding the correction
Besides H magn also the correction to the non-local part of the pseudo-potential 14 has been taken into account. The total Hamiltonian, then, is solved, self-consistently, in the DFT basis. 15 We simulate two different geometries of the applied magnetic field. We consider a confined geometry where the magnetic field is confined inside the CNT and null outside, and an extended geometry where the magnetic field is uniformly distributed. The physical motivation of these dif-ferent geometries traces back to the configuration of the applied magnetic field commonly used in the experimental setups. Due to the difficulty of confining the magnetic field inside the CNT, a uniform field is commonly applied. It is worth to remind that in the original experiment proposed by AB electrons move in a region which surrounds a confined magnetic flux. Thus in the standard AB effect electrons travel in a space where B=0. In the experimental works, instead, the confinement of the magnetic field is assumed to be induced by the electronic trajectories confined on the tube surface. As the concept of trajectory is, indeed, strictly valid only in the classical limit we deduce that the AB theory cannot be applied straightforwardly to the standard experimental setup. 16 Figure 1: Gap oscillations in the metallic (5,5) and (8, 8) CNTs. Two different geometries are considered. In the extended geometry the magnetic field is applied uniformly in all the space (red circles). In the confined geometry , instead, the magnetic field is confined inside the CNT (blue boxes). We compare the ab initio calculations with the ZFA results (black line). We see that in the extended geometry , which represents the standard experimental setup, the Lorentz correction (see text) induces an overestimation of the elemental magnetic flux Φ 0 . The extended geometry , which represents the standard experimental setup, overestimates by ∼7% the elemental flux Φ 0 which defines the periodicity of the gap oscillations. This overestimation of the elemental flux alter the periodicity of gap. Indeed the correction induced in the extended geometry grows with the applied flux. From the dependence of the elemental gap on the applied flux we may deduce that the overall electronic properties of the CNT are still periodic, although with a larger period, in the applied flux. This is not true. As we will discuss later, in the extended geometry a non-periodic correction appears that breaks the periodicity of the gap.
We want, first, to explain the different gap dependence obtained in the two geometries introducing, in a formal manner, the Hamiltonian which governs the AB effect in the specific case of a CNT:
Eq. ?? describes the electronic dynamics under the action of a static magnetic field, written in cylindrical coordinates centered on the axis of the CNT. A (r) is the vector potential which, in the symmetric gauge, describes a static magnetic field along the z direction and V (r, ϕ, z) is the local DFT potential, which includes the ionic potential plus the Hartree and exchange-correlation terms.
The only term of Eq. ?? which reflects the different geometry (extended or confined) is A (r).
In the extended geometry
with B 0 = |B|. In the confined geometry , instead, we have that we get two different Hamiltonians, H con f ined and H extended , whose difference is is applied uniformly in all the space (red circles). In the confined geometry , instead, the magnetic field is confined inside the CNT (blue boxes). We compare the ab initio calculations with the ZFA results (black line). In contrast to the metallic case the curvature effects induce more evident differences between the confined and the extended geometries. In the (8,0) tube the appearance of a metallic band in the gap deeply influences the gap behavior (see text).
We now consider two semi-conducting CNTs: the (8,0) and the (14,0). The flux dependent electronic gap is shown in [figure] [3] []3. Similarly to the metallic case, LC makes the extended geometry to oscillate with a period greater than h/e. In contrast to the metallic case, the gap vanishes at two values of Φ, which the ZFA predicts to be at Φ 0 /3 and 2Φ 0 /3, when the Dirac points becomes allowed k points. 4 Noticeably both points are renormalized in the ab initio simulation by curvature effects. It is well known, indeed, that, compared to graphene, curvature effects shift the Dirac points 4 K at a position |K| < 2π/3a, with 2π/3a the Dirac point position in graphene.
Accordingly a lower magnetic field is needed to let the Dirac point belong to the set of the allowed k points and semiconducting CNTs becomes metallic at Φ < Φ 0 /3. Being the oscillations symmetric, the second metallic point is reached at Φ > 2Φ 0 /3.
The deformation of the oscillations in the (n, 0) CNTs is smaller in bigger tubes. However it goes to zero slowly because both the shift and the magnetic period depend on the size of the tube. There is here a clear difference between the confined geometry and the extended geometry .
The former describes a pure AB effect, where all the electrons feel the same magnetic flux, while in the latter electrons can move on tubes with different radii and it is not possible any more to define a unique magnetic flux. In this case the ZFA can be applied only by considering two different Hamiltonians, one for the (5, 5) and one for the (10, 10) and by neglecting the tube-tube interaction. of the π/π * bands at zero and at low flux (left frames). Two different geometries are considered. In the extended geometry the magnetic field is applied uniformly in all the space (red circles). In the confined geometry , instead, the magnetic field is confined inside the CNT (blue boxes). We compare the ab initio calculations with the ZFA results (black line). We immediately see that, in contrast to the ZFA, both geometries are characterized by a metallic phase at low fluxes, highlighted in the inset. The flux which defines the end of the metallic phase is defined as 
